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Abstract 



It is known to be a hard problem to compute the competition number k(G) of a graph G in general. Park and Sano II 1311 
" |". gave the exact values of the competition numbers of Hamming graphs H(n, q) if 1 < n < 3 or 1 < q < 2. In this paper, 
' we give an explicit formula of the competition numbers of ternary Hamming graphs. 
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1. Introduction 

The notion of a competition graph was introduced by Cohen JTt] as a means of determining the smallest dimension 
of ecological phase space. The competition graph C(D) of a digraph D is a (simple undirected) graph which has the 



same vertex set as D and an edge between vertices u and v if and only if there is a vertex x in D such that x) and 
v,x) are arcs of D. For any graph G, G together with sufficiently many isolated vertices is the competition graph 
of an acyclic digraph. Roberts lfl5ll defined the competition number k[G) of a graph G to be the smallest number k 
such that G together with k isolated vertices is the competition graph of an acyclic digraph. Opsut [9] showed that 
the computation of the competition number of a graph is an NP-hard problem (see 03J for graphs whose competition 
i— —i, numbers are known). It has been one of important research problems in the study of competition graphs to compute 
the competition numbers for various graph classes (see H, Jl, |@], 0], fl, Jul, HH, 0, H, 13, 10, for recent 
research). For some special graph families, we have explicit formulas for computing competition numbers. For example, 
qJq ■ if G is a chordal graph without isolated vertices then k(G) = 1, and if G is a nontrivial triangle-free connected graph then 
(N k(G) = \E(G)\-\V(G)\ + 2(seeM). 

In this paper, we study the competition numbers of Hamming graphs. For a positive integer q, we denote a q-set 
{1, 2 . . . , q} by [q\. Also we denote the set of n-tuple over [q] by [q] n . For positive integers n and q, the Hamming graph 
^sO • H(n, q) is the graph which has the vertex set [q] n and in which two vertices x and y are adjacent if cIh(x, y) — 1, where 
dn ■ [q] n x [q] n — ► Z is the Hamming distance defined by dn{x, y) :— \{i 6 [n] \ xi ^ yi\\- Note that the diameter of 
the Hamming graph H (n, q) is equal to n if q > 2 and that the number of edges of the Hamming graph H (n, q) is equal 
to \n{q — l)q n . Park and Sano [ 13] gave the exact values of the competition numbers of Hamming graphs H(n, q) if 
l<ri<3orl<<7<2as follows. For n > 1, H(n, 1) has no edge and so k(H(n, 1)) = 0. For n > 1, H(n, 2) is a 
n-cube and k(H(n, 2)) = (n - 2)2 n ~ 1 + 2. For q > 2, H(l, q) is complete graph and so k(H(l, q)) = 1. 

^ Theorem 1.1 (13). For q>2,we have k(H(2, q)) = 2. 

Theorem 1.2 (13). For q>3,we have k(H (3, q)) = 6. 

In this paper, we give the exact values of the competition numbers of ternary Hamming graphs H(n, 3). Our main 
result is the following: 

Theorem 1.3. For n > 3, we have 

k(H(n,3)) = (n-3)T- 1 + 6. 
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2. Preliminaries 

We use the following notation and terminology in this paper. For a digraph D, a sequence vi , 1)2, ■ ■ ■ , v n of the vertices 
of D is called an acyclic ordering of D if (vi,Vj) € -A(-D) implies i < j. It is well-known that a digraph D is acyclic if 
and only if there exists an acyclic ordering of D. For a digraph D and a vertex w of D, we define the in-neighborhood 
Np(v) of 7; in D to be the set {w € | (w, u) G A(Z?)}, and a vertex in N^(v) is called an in-neighbor of i> in 

D. For a graph G and a nonnegative integer k, we denote by G U Ife the graph such that V(G U Ik) = V(G) U Ik and 
i?(G U 7fe) = E(G), where Ik is a set of k isolated vertices. 

For a clique S of a graph G and an edge e of G, we say e i's covered by S if both of the endpoints of e are contained 
in S. An edge clique cover of a graph G is a family of cliques of G such that each edge of G is covered by some clique 
in the family. The edge clique cover number Oe (G) of a graph G is the minimum size of an edge clique cover of G. An 
edge clique cover of G is called a minimum edge clique cover of G if its size is equal to Oe{G). 

Let7Tj : [q] n —> [q] n ~ 1 be a map definedby (x\, xj-i , xj, Xj+i, x n ) (xi, 5Cj-i, Xj+i, x n ). For j G [n] 
andp 6 [?] n_1 , we let 

S j (p):=7Tj 1 (jp) = {xe[q] n \n j (x)=p}. (1) 
Note that Sj(p) is a clique of q) with size g. Let 

J'(n,q):={S j {p)\j eHpeiq}"- 1 }. (2) 
Then g) is the family of maximal cliques of H(n, q). Park and Sano fl3ll showed the following: 
Lemma 2.1 ((Q). The following hold: 

• Let n > 2 anc/ q > 2, and let K be a clique of H(n, q) with size at least 2. Then there exists a unique maximal 
clique S of H(n, q) containing K. 

• The edge clique cover number of H(n, q) is equal to nq"^ 1 . 

• Any minimum edge clique cover of H(n, q) consists of edge disjoint maximum cliques. 

• The family J-(n, q) defined by (O is a minimum edge clique cover of H(n, q). 

Now we present the following lemma: 

Lemma 2.2. Let G be a graph. Suppose that any edge of G is contained in exactly one maximal clique of G. Let J- be 
the family of all maximal cliques of size at least two in G, and let k be an integer with k > k{G). Then there exists an 
acyclic digraph D satisfying the following: 

(a) The competition graph of D is G U Ik- 

(b) For any vertex v in D, Np (v) £ J- U {0}. 

(c) The number of vertices which have no in-neighbor in D is equal to k + | V(G) | — | T\. 

Proof. Let k be an integer such that k > k(G). By the definition of the competition number of a graph, there exists an 
acyclic digraph satisfying (a). Suppose that any acyclic digraphs satisfying (a) does not satisfies (b). Let D be an acyclic 
digraph which maximizes | {v G V(D) | Np (v) = 0} | among all acyclic digraphs satisfying (a) but not (b). Since D does 
not satisfy (b), there exists a vertex v* in D such that Np(v*) J"U{0}. Since D maximizes \{v G V(D) | N^(v) = 0}|, 
we may assume that \N^(v)\ ^ 1 for any v G V(D). By the assumption that any edge of G is contained in exactly one 
maximal clique of G, any clique of size at least two is contained in a unique maximal clique in G. Since N^(v*) is a 
clique of size at least two, there exists a unique maximal clique S G J- containing Np(v*). 

Let a := (v%, V2, ■ ■ ■ , v\v(D)\) be an acyclic ordering of D, i.e., if (vi, Vj) G A(D) then i < j. Let and Vj be 
two vertices of S whose indices are largest in the acyclic ordering a. Since v$ and Vj are adjacent in G, there is a vertex 
vi G V(D) such that (vi,vi) and (vj,vi) are arcs of D. Then we define a digraph D\ by V(D\) — V(D) and 

A(D 1 ) = {A(D) \ {(x,v*) I x G Np(v*)}) U {{x,vi) \ x G S}. 

Then the digraph D\ is acyclic, since the index I of vi is larger than the index of any vertex in S. By the assumption that 
any edge of G is contained in exactly one maximal clique of G, we have Np(vi) C S, which implies that C{D\) — GU/fc. 
Since \{v | Np (v) = 0}| > \{v \ Np(v) = 0}|, we reach a contradiction to the choice of D. Thus, there exists an 
acyclic digraph satisfying both (a) and (b). 



2 



Let Z?2 be an acyclic digraph satisfying both (a) and (b). If the digraph D2 has two vertices u, w such that N^ 2 (u) = 
Np 2 (w) 7^ 0, then we can obtain an acyclic digraph D3 such that all the nonempty in-neighborhoods of vertices in 
D3 are distinct by deleting arcs in {(x,u) | x G Np (u)} from D-i- Therefore, we may assume that all the nonempty 
in-neighborhoods N^ 3 (v) are distinct. Then the number of vertices v such that N^ 3 (v) ^ is exactly equal to IJ 7 ). 
Therefore, \{v G V(D 3 ) \ N D3 (v) = 0}| = \V(D 3 )\ - \T\ = k + \V{G)\ - Thus the digraph D 3 satisfies (a), (b), 
and (c). Hence the lemma holds. □ 

By Lemmas |2 . 1 1 and I2T21 the following holds. 

Corollary 2.3. Let k be an integer with k > k(H(n, q)). Then there exists an acyclic digraph D satisfying the following: 

(a) C(D) = H(n, q) U I k . 

(b) N D (v) G F{n,q) U {9} for any v G V(D). 

(c) \{v G V(D) I N D (v) = 0}| = k - (n - g)?"- 1 . 



3. Proof of TheoremlOl 

In this section, we present the proof of the main result. The following theorem gives an upper bound for the competi- 
tion numbers of Hamming graphs H(n, q) where 2 < q < n. 

Theorem 3.1. For 2 < q < n, we have 

k(H(n,q)) < (n-q)q n - 1 + k(H(q,q)). 

Proof. We prove the theorem by induction on n. If n = 2, then n = q = 2 and the theorem trivially holds. For simplicity, 
for any 2 < q < n, let a(n, q) := (n — q)q n ~ 1 +k(H(q, q)). Let n > 3 and we assume that k(H(n — 1, g)) < a(n — 1, q) 
holds for any q such that 2 < q < n — 1. Now consider a Hamming graph H(n, q) where q is an integer satisfying 
2 < q < n. If n — q, then the theorem clearly holds. Suppose that 2 < q < n — 1. For i G [g], let ffW be the subgraph 
of H{n, q) induced by a vertex set {{x\, X2, ■ ■ ■ , x n ) G [g] n | x n = i}. Then each if W is isomorphic to the Hamming 
graph i/(n — 1, g). 

We denote the minimum edge clique cover of by T^(n — 1, g). By the induction hypothesis, it holds that 
fc(ijM) — k(H(n — 1, g)) < a(n — 1, q). By Corollary 12. 31 there exists an acyclic digraph D^ 1 ' for each i G [g] such that 

(a) C(I3W)=HWu/« B _ lifl) . 

(b) iV~ (i) (v) G J-^(n — l,g) U {0} for any u G V r (Z3 < - i - ) ), 

(c) \{v e F(£>«) I AT" (i) (v) = 0}| = a(n - l,q) - (n - 1 - q)q n - 2 = k(H(q, q)). 
where I^L-i q ) i s a set °f ^l 71 — 1 5 isolated vertices. Then by (c), we may let, for each i G [g], 

:= {v G I AT" ( » = 0} = rf, . .., 

Since q < n — 1, it holds that k(H(q, q)) = a(n — 1, g) — ((n — 1) — q)q n ~ 2 < a(n — l,q). By (a), there are at least 
fc(/i(g, g)) isolated vertices in /^„_ 1>g) of C(Z>«). Let := . . . ,3% {q , q)) } be a set of k (H(q, ?)) vertices 

which belong to I^L-i q \ m C(D^), Let 13 be the digraph defined by 

V(D) := ^(I3 (1) )u|J(^(^ (l) )\ J (l) ), 

i=2 

:= U (j(A(D^) \ {(x,jf) | 1 < I < k(H(q,q)),x G A^f )» 

i=2 

uU{(^r iJ ) 1 < I < k(H(q,q)),x G iV^ (jf )}. 
i=2 
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Figure 1: Induced subgraphs of H (n, 3) 



Since each digraph Z)W is acyclic, the digraph D is also acyclic. In addition, C(D) = ({J^ =1 H^) U Ik where fc := 
q-a(n-l,q)-(q-l)-k(H(q,q)). 

Note that by the definition of ff™, the graph |Ji=i ^ i s a spanning subgraph of H(n, q) except the edges of cliques 
in {S n (x) | x £ [g]™ -1 }. Therefore, by letting!?* be the digraph defined by 

V(D*) := V(D) U 7,»_ 1 = V(D) U{z x \x£ [q]"- 1 }, 

A(D*) := A(D)U \J {(y, z x ) \ y £ S n (x)} 7 
xelq]™- 1 

we obtain an acyclic digraph D* such that C(D*) = H(n, q) U Ik*, where 

k* := k + q"- 1 

= q-a{n-l,q)-{q-l)- k(H(q, q)) + q n ~ x 

= q-((n-l- q)q n - 2 + k(H(q, q))) - (q - 1) • fc(ff(g, q)) + q^ 1 

= (n-q)q n - 1 + k(H(q,q)) = a(n,q). 

Therefore, k(H(n, q)) < a(n, q). Hence, the theorem holds. □ 

The following corollary follows from Theorem l3.ll 

Corollary 3.2. For n > 3, we have k(H(n, 3)) < (n - 3)3™" 1 + 6. 

In the following, we show a lower bound for the competition numbers of ternary Hamming graphs H(n, 3) where 
n > 3. 

Lemma 3.3. Let n > 3, and let G be a subgraph of the ternary Hamming graph H(n, 3) with 10 vertices. Then the 
number of triangles in G is at most 6. Moreover, it is exactly equal to 6 if and only if G is isomorphic to either H\ U I\ or 
H2 in Figure\l\ 

Proof. We denote by to the number of triangles in a graph G. For a vertex v in a graph G, we denote by to (v) the number 
of triangles in G containing the vertex v. For any graph G, it holds that 

t G {v) = 3xt G . (3) 

kGV(G) 

Let G be a subgraph of H(n, 3) with 10 vertices such that to is the maximum among all the subgraphs of H(n, 3) with 
10 vertices. Since the graph H2 drawn in Figure Q] is a subgraph of H(n,3) with 10 vertices and 6 triangles, we have 
to > 6. Let vi , V2 , V3 , . . . , vg , via be the vertices of G. 

Suppose that there exists a vertex Vi such that tc(vi) > 3. Then we will reach a contradiction. Without loss of 
generality, we may assume that £g( u i) > 3 and that {v±, V2, V3}, {vi, V4, v$}, {vi, vq, vj} are cliques which contain vi. 
Since each edge is contained exactly one triangle by Lemma l2Tl then the subgraph of H(n, 3) induced by {vi, V2, ■ ■ ■ , vj} 
is isomorphic to the graph H4 drawn in Figure|2] 
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Figure 2: Subgraphs of H(n, 3) 



Since G has at least 6 triangles, there exist at least three triangles Ti, T2, T3 in G which are not in the induced subgraph 
H4. For each 1 < i < 3, the triangle Ti has at least two vertices in {vg, vg, t>io} since each edge of G is contained in 
exactly one triangle. We may assume that T\ D {v$, vg}, T2 3 {vg, vio}, and T3 'D {vg, viq}. Then {vg, vg, vio} forms 
a triangle, which contradicts the fact that each edge of G is contained exactly one triangle. Therefore, ta{vi) < 2 for all 
Vi e V(G). Since t G (vi) < 2 for all 1^ e V(G), it holds that Y^lt t G (vi) < 20. By ©, Y^ii *G(«i) must be amultiple 
of 3, X)i=i tc( v i) < 18- Since i<3 > 6, we also have X)i=i tc( v i) > 18 by (01. Thus, we have tc( v i) — 18 and 

Since tc{vi) — 18 and tc{vi) < 2 for all «j 6 V(G), without loss of generality, we may assume that tc(vio) < 
1. Let G — Vio be the graph obtained from G by deleting v%o. To show the "moreover" part, it is sufficient to show that 
G — Viq is isomorphic to the graph Hi (= H (2, 3)) drawn in FigureQ] 

Note that 15 < J2i=i tG-v 10 (vi) < 18, and tG-v w { v ) < 2 for all v 6 F(G — i>io). Then G — wio has at least 6 
vertices v such that tG-v 1(l ( v ) — 2, and so G — viq has a triangle To = {^l, ^2, ^3} sucn that £c;_„ 10 (t!j) = 2 for any 
i = 1, 2, 3. For z = 1,2,3, let Tj be the triangle containing V{ and Ti 7^ To. Then the triangles Ti, T%, and T3 are mutually 
vertex disjoint, and we may assume that Ti = {i>i, V4,v§}, T2 = {^2, «6i U7}, an d T3 = {^3, Vg, vg} (see the graph H§ 
drawn in Figure^. Since G — U10 has at least 6 vertices v such that tc-v w ( v ) — 2, we may assume that to-vm ( w 4) = 2- 
Then the triangle containing V4 in G — i>io, which is not Ti, are containing one of {vq, i>r} and one of jug, fg}. Without 
loss of generality, we may assume that {V4, v$, v$} is a triangle. 

Since {ui,U2, ^4} forms a cycle of length four, without loss of generality, we may let 

Vl := (1,1,1,..., 1), v 2 := (2,1,1,. ..,1), w 4 := (1,2, « 6 := (2,2, 1, . . ., 1). 

Since {v±, V2, ^3} is a triangle, we have U3 = (3, 1, 1, . . . , 1). Since {v±, V4, v$} is a triangle, we have v$ = (1,3,1,...,1). 
Since {V2, v@, vj} is a triangle, we have vj = (2,3,1,..., 1). Since {ui, v§, vg] is a triangle, we have vg = (3,2,1,..., 1). 
Since {v 3 , vg, vg} is a triangle, we have vg = (3, 3, 1, ... , 1). Then {v 5 , vj, vg} forms a triangle, and hence G — Vio is 
isomorphic to iii in FigureQ] We complete the proof. □ 

Theorem 3.4. For n>3,we have k(H(n, 3)) > (n - 3)3"" 1 + 6. 

Proof. Suppose that k(H(n, 3)) < (n — 3)3™~ 1 + 5. Then, by Corollary 12. 31 there exists an acyclic digraph D such that 
C(D) = ff(n,3)Ul M)3 ,- l+5 , A£(«) € J-(n,3) U {0} for any v e V(D), and \{v e V(D) | N D (v) = 0}| = 5. 
Let Ui,t?2, • • • , V(„_3)3n-i+5 be an acyclic ordering of D. We may assume that the vertices v\, V2, ■ ■ • ,1*5 have no in- 
neighbors in D. For 6 < i < 12, let Ti := {./V^(a;) | x G {ui, 1)2, ■ ■ ■ , t>i, ^ + i}} and let Gi be the subgraph of H(n, 3) 
induced by {v\,V2, ■ ■ ■ , Vi). Note that Ti contains i — 4 triangles whose vertices are in {v\,V2, ■ ■ ■ , Vi} and that Gi 
contains all the triangles in T. Since G10 is a subgraph of H(n, 3) with 10 vertices containing 6 triangles, by Lemma 
13.31 G10 is isomorphic to Hi U 1% or H2, where Hi and H2 are the graphs drawn in FigureQ] Since Gig is a subgraph of 
G11 and Gn has 7 triangles, G10 must be isomorphic to H2 and Gn must be isomorphic to H3 in FigureQ] Then we can 
observe that any subgraph of H(n, 3) with 12 vertices containing H3 cannot have 8 triangles. However, G12 is a subgraph 
of H(n, 3) with 12 vertices and 8 triangles, which is a contradiction. Hence k(H(n, 3)) > (n — 3)3™ _1 +6. □ 

Proof of Theorem ]! .3\ Theorem ll.3l follows from Corollary 13. 21 and Theorem l3~4l □ 
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4. Concluding Remarks 



In this paper, we gave the exact values of the competition numbers of ternary Hamming graphs. Note that the bound 
given in Theorem 13. II is tight when q = 2 or 3, that is, k(H(n, q)) = {n — q)q n ~ 1 + k(H(q, q)) holds for n > q and 
q € {2,3}. We left a question for a further research whether or not the bound in Theorem l3.1l is tight for any 2 < q < n. 
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